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Abstract: This paper is devoted to the analytical investigation of a pulsating MHD flow in a 
cylindrical channel, submitted to an applied DC magnetic field and an imposed harmonically 
oscillating thermo-acoustically generated pressure gradient. Produced electrical current is 
extracted by induction coil in connection with compensation capacitor placed around the 
MHD channel. The effect of conducting wall is also taken into account. The generator is 
analytically modeled by solving the system of induction and Navier-Stokes equations 
simultaneously. Sensitivity analysis of efficiency, output power and different power losses 
versus MHD non-dimensional numbers are presented. 
 
1. Introduction 
 
Most of the magnetohydrodynamic devices make use of the fact that orthogonal electric and 
magnetic fields in a conducting medium will produce a Lorentz force and thus a particle 
velocity in the third orthogonal direction.  This principle is based on the concept of devices 
such as electromagnetic pumps and propulsion systems [1]. The pumps transform 
electromagnetic energy into mechanical energy the reverse transfer occurs in acoustic MHD 
generators [2]. On the other hand, in the acoustic MHD devices the electromagnetic force and 
consequently the fluid flow are oscillatory [1, 3]. The schematic of the Thermoacoustic-MHD 
system is demonstrated in figure 1, where the MHD generator is submitted to thermo acoustic 
oscillatory pressure forces. Based on how to extract the produced electrical power from the 
generator, two types of machines can be considered: 

- conduction machines, which produce strong electric currents at low voltage and require 
electrodes to collect the  produced current, which may be a handicap for questions of water 
tightness, and, 
- induction machines, that produce electric current with adjustable strength and voltage and 
do not require any electrodes [2], [4], [5]. 

This paper presents the results of the investigation of the MHD generator coupled with thermo 
acoustic engine. The liquid metal oscillates horizontally in the cylindrical MHD channel, 
under the effect of the oscillatory pressure difference due to the thermo acoustic engine. The 
magnet placed around the channel, produces a radial constant magnetic field. The interaction 
between this magnetic field and the liquid motion induce an AC current in the fluid, and AC 
induced magnetic field which producing AC current in the coil connected with the load. The 
system is depicted in figure 2. 
 
2. Description of the model. 
 
The main elements of the model are given in figure 2. The active part of the generator with 
the length l supposed to be larger than the MHD channel depth , so that it could be 
considered as infinitely long. MHD channel contains a liquid metal with the density , 
dynamic viscosity , relative magnetic permeability  and electrical conductivity . The 
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oscillatory pressure gradient applied by the thermo acoustic engine with the amplitude  
causes a velocity field with the value  and a pulsation  in the liquid metal. This velocity 
field is radially submitted to a constant magnetic field . The interaction will be 
resulted in an AC induced current  and an AC induced magnetic field  producing an AC 
current i in the coil windings. Magnetic flux closes its path through the core and the yoke with 
relative permeability  and , respectively. The coil has N turns and is connected in series 
with the load circuit, including a correction capacitor  and a resistive load . The 
effect of the conducting wall on the power loss of the generator is also taken into account by 
placing a very thin metal layer with electrical conductivity  in contact with the liquid 
metal. The main notations of the generator are listed in Table 1. 
 

 
 

Figure 1. Schematic of the thermoacoustic MHD generator. 
 

 
Figure 2. Schematic of the analytical model of the MHD generator, containing the core, MHD 

channel, ferromagnetic yoke, magnet and the induction coil. 
 
 
3. Formulation of the problem 
 
Governing equations are based on the following two sets: 
a) Navier-Stokes equation which relates the velocity and the pressure with the Lorentz force 
b) induction equation, which is a combination of Maxwell equations and Ohm’s law. 

Two main approximations are considered in the calculations. Due to the long channel aspect 
of the system ( ) and the symmetry in the  direction, we have: 
 
 

 



Table 1. Scales of the MHD generator 

 
 

     (1) 
Moreover, since the depth of the channel is assumed to be several times smaller than the 
radius of the channel (  ), the variations of the channel radius in the differential 
equation are approximated with the average radius of the channel: 
 

    (2) 
The non-dimensional system of differential equations to be solved is achieved as follows: 
 

   (3) 
where ,  and  are the non-dimensional values for fluid velocity, induced magnetic field 
density in the fluid and the depth of the channel, respectively. Also , N,  and  are the 
pressure factor, interaction parameter, Reynolds number and magnetic Reynolds number 
respectively.  
The order 4 of the differential system in (3) shows that 4 boundary condition are needed to be 
determined to solve the system. Two of the boundary conditions are defined simply by the 
non-slip wall constrain: 
 

,     (4) 
Magnetic boundary condition includes the induced magnetic flux density at the bottom  
and at the top  of the MHD channel. The magnetic flux density at the bottom of the 
channel in the x direction is a summation of the following three induced flux densities: 

• = Magnetic flux density because of induced current inside the fluid 
• = Magnetic flux density because of induced current inside the wall 
• = Magnetic flux density because of current in the load 

The load circuit configuration consists of a resistive load , correction capacitor  
and the induction coil with number of turns. The current in the load circuit is proportional 
to the induced magnetic field at the bottom of the MHD channel via (5). 
 

    (5) 
 



The last boundary condition is the induced magnetic flux density at the top of the MHD 
channel which item could be achieved by applying the Ampere law once at the bottom and 
once at the top of the channel: 
 

   (6) 
 
4. Results and Discussion 
 
The system of differential equations (3) could be solved with the four boundary conditions 
mentioned in the previous section. The analytical expression for the  and  are very long, 
and are not presented in this paper for the sake of abbreviation. The results are presented in 
this section for the non-dimensional values of , , , 

 and the load factor of . Figure 3(a) represents the 
velocity profile in the channel. The core of the channel has constant velocity amplitude, while 
in the boundary layer, a reverse flow is observed that is caused by the viscosity. This effect is 
also visible in Fig. 3(b), representing the current density evolution near the wall at the same 
time. The phase shift of the velocity profile changes the induced magnetic flux density pattern 
in the boundary layer. Since the fluid induced current density is proportional to the r-
derivation of the induced magnetic flux density,   also is deformed in the boundary layer. 

 
Figure 3. a) Velocity profile versus the channel depth at the time t = 1/4f, where a phase shif 

of velocity in the boundary layer is visible b) Induced current density profile versus the 
channel depth at the time t = 1/4f. 

 
Efficiency behaviour as a function of magnetic Reynolds number and Reynolds number for 
fixed interaction parameter and different non-dimensional load resistances are demonstrated 
in figure 4 (a) and (b). It can be seen in Fig. 4(a) that for higher magnetic Reynolds number, 
the efficiency increases. That can be explained by the fact that by increasing the magnetic 
Reynolds number, the magnetic advection will dominate the magnetic diffusion in the fluid. 
This increases the effectiveness of the induction phenomenon and increases the induced 
current in the fluid and in the load.  But by increasing the load resistance limits the current in 
the load circuit and will decrease the total output power. This enhances the efficiency of the 
system by making the fluid with better MHD qualities. The increase reaches saturation at 
higher values of . 
Figures 4(b) depicts the variations of the efficiency versus Reynolds number for four different 
non-dimensional load resistances and the constant interaction parameter and magnetic 
Reynolds number. This is a result of the fact that when increasing the frequency (R� 



increases) the induced magnetic field does not penetrates in the conducting liquid and so the 
extracted power tends to zero as well as the efficiency. 
 
 

           
 

Figure 4. The efficiency versus a) magnetic Reynolds number and b) Reynolds number for 
different values of non-dimensional load resistances: 
, , and , with  and 

 
 
5. Conclusion 
 
This paper is about an analytical approach to study MHD generator which is in connection 
with a thermo acoustic engine that applies a fluid oscillation in the MHD channel.  The 
analytical model is based on a system of differential equations, containing Navier-Stokes 
equation and the induction equation. The dimensionless differential equations are given 
exhibiting non-dimensional parameters. The solution of the system is achieved by applying 
the velocity and the induced magnetic field boundary conditions. The results of the different 
parameters and the sensitivity analysis of the system are presented for a specific situation. 
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